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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 Rp+ 	 R
p
≥0  	 




v ∈ Rp 
 i
 	  v 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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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{(Ci, Cj) ∈ C × C | i, j ∈ 1, c, i 
= j}.
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 m = |R|  
(Ci, Cj) ∈ R 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/ Ci ∈ C   R ⊆ (C\{Ci}) × (C\{Ci}) 2
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 (i, j) ∈ R
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  (Ci, Cj) ∈ R (i, j ∈ 1, c)
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X = {X1, X2, X3, X4, X5}, "#$%
C = {C1, C2, C3, C4, C5, C6, C7, C8}  "##%
R = {(1, 2), (2, 1), (2, 3), (3, 4), (4, 3), (4, 1), (5, 6), (6, 7), (7, 8), (8, 5)}, "#%

 
C1 = X1 +X2, C2 = 2X2, C3 = 2X4, C4 = X3 +X4,
C5 = X1 + 3X5, C6 = X2, C7 = X4, C8 = X1 +X3.
"#&%
'   
    n = 5 c = 8  m = 10 (
  
 
 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 Xs 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1 0 0 0 1 0 0 1
1 2 0 0 0 1 0 0
0 0 0 1 0 0 0 1
0 0 2 1 0 0 1 0
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 
	

 δ = δ1 + δ2 + · · ·+ δ 
    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 
  	   S B̂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δ ≥ δ1 + δ2 + · · ·+ δ.  (!
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  δ = δ1 + δ2 + · · ·+ δ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 	
$ ran B̂ = ran B̂1 ⊕ ran B̂2 ⊕ · · · ⊕ ran B̂
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(cr − rank B̂r) = c−
∑
r=1
rank B̂r ≤ c− rank B̂ = dimker B̂ = δ.
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0 0 1 0 0 1
1 2 0 0 0 1 0 0
0 0 0 1 0 0 0 1
0 0 2 1 0 0 1 0
0 0 0 0 3 0 0 0
1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1
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  (ran I)⊥






∈ R(n+)×c    
  	
 	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δ = c− − rankS =
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= dimker B̂
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Ci = B1iX1 + · · ·+BniXn
Θ = [Θ1,Θ2, . . . ,Θc]
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ẋ(τ) = B · Iκ ·Θ(x(τ)) =       	
= B · I ·R(x(τ)) =    	  	
 




E+ = {x ∈ Rn+ | B · Iκ ·Θ(x) = 0}      	 	     
      
  	






δ = δ1 + · · · + δ
   	
 	 	 	 		 	 	 	 	 	 
 	 	 	

   	  

δ = δ1 + · · ·+ δ, 
	 	 		 
 	 	 	 	  	  
 	 			 
 	 	
	 		  	 !" 
 	 	   		 
 	 		    	 
	 	 	 	# 	  		 	 	 
 	 	 
 	 	 	
	   	 ! 	 		  	  	 	 			 	 	 	 	 

   	  	 	 	 	 
 	 	 	 
   
	 $ 	 	    		 %!&  	 '!(  	 	 		 	

  	 	  %!&  	 '!( $	 	 			   	 	 		
 			  	   	 	 
 	  )	 *
+	 
  	 !,  	 	 	 
    	 	 		 
(C1,R1) (C2,R2), . . . , (C,R) - 	 	 	 	  cr = |Cr|  mr = |Rr|
r ∈ 1,  -  	 
  	   ! 	  	 	 	 B B̂ S Iκ 
	 	 Θ(x) 
 x ∈ Rn≥0  	  

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  	    	 Rn≥0 !  
%   	   	 
   " 
 {X1, . . . , Xn}  
   	

	    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   	
   
&  
!
  E+ ⊇ ∩r=1Er+ 
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  ( 
    ! E+ = ∩r=1Er+
  	
   (X , C,R, κ)    	
  	 	 ( 	 x ∈ Rn≥0
 f(x) = 0 	  
 	 f1(x) = · · · = f (x) = 0
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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	  " 

   
  
  	
   (X , C,R, κ)    	
  	 	 (  
E+ 
= ∅    x∗ ∈ E+ 
E+ ⊇ {x ∈ Rn+ | log(x)− log(x∗) ∈ (ranS)⊥}.
  
 i ∈ 1, c     	








((x, y) ∈ Rn≥0 × Rn+).
% 
   
  

 x ∈ Rn+ 	  log(x)− log(x∗) ∈ (ranS)⊥ 
〈B·j −B·i, log(x)− log(x∗)〉 = 〈S·,(i,j), log(x)− log(x∗)〉 = 0
0
   (i, j) ∈ R  	
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! x∗ ∈ E+ "  f(x∗) = 0 #  $ % f r(x∗) = 0    r ∈ 1,  

    
  f(x) = 0  "     
  (a)     "  "    &'()* 
   
   #
 + ,- ! -. / " 0       ,-.    
 
, 1 / 2. /       ,3- 4 56%. "   
  
      "  $ (b)     "   
  ! ,3-
 3.
     S   	 

  Rn   P = (p+ S) ∩ Rn≥0 	 
 p ∈ Rn+ 
x∗ ∈ Rn+ 
 	 

   x ∈ P ∩ Rn+ 
  log(x)− log(x∗) ∈ S⊥ 
  
 {x ∈ Rn+ | log(x)− log(x∗) ∈ S⊥} 




 7 s ∈ 1, n *   




y − psy (y ∈ R).
 limy→∞ Ls(y) = ∞ limy→−∞ Ls(y) = ∞  Ls  

 # Ls   
 {y ∈ R | Ls(y) ≤ v}      v ∈ R *   




Ls(ys) (y ∈ Rn).
(  Q  

 0   
 Q       
 
 Ls s ∈ 1, n 

{y ∈ Rn | Q(y) ≤ w} ⊆
n×
s=1
{ys ∈ R | Ls(ys) ≤ w − (n− 1)M},
" M ∈ R    " 
     
 Ls (s ∈ 1, n) '  S⊥ Q
       
    y∗ ∈ S⊥        
Q   y∗ ∈ Rn 
    S⊥  
((Q)(y∗)) = [x∗1e
y∗1 − p1, . . . , x∗ney
∗
n − pn] = [x∗1ey
∗
1 , . . . , x∗ne
y∗n ] − p ∈ (S⊥)⊥ = S. 
 8
  x ∈ Rn+  	 log(x) = y∗ + log(x∗)
  log(x)− log(x∗) = y∗ ∈ S⊥
  

 	 x− p ∈ S
    x ∈ P ∩ Rn+

  (a)  	     	   	
  	 x1, x2 ∈
P∩Rn+ 	 log(x1)−log(x∗), log(x2)−log(x∗) ∈ S⊥
  x1−x2 ∈ S 	 log(x1)−log(x2) ∈ S⊥

 log : R+ → R   	  (a− b)(log(a)− log(b)) > 0  	 a, b ∈ R+ 
!
 
0 = 〈x1 − x2, log(x1)− log(x2)〉 =
n∑
s=1
(x1s − x2s)(log(x1s)− log(x2s))
 	 x1s = x
2
s  	 s ∈ 1, n

  (b) "  C∞#$ Φ : Rn → Rn+ !
Φ(y) = [x∗1e
y1 , . . . , x∗ne
yn ]
 y ∈ Rn
 % 	 	 Φ(S⊥) = {x ∈ Rn+ | log(x) − log(x∗) ∈ S⊥}
 & 	 x ∈ Φ(S⊥)
 	    ' 	 y∗ ∈ S⊥  	 log(x∗) + y∗ = log(x) 	   	  
log(x)− log(x∗) ∈ S⊥
  	   " 	 (b) 
   
  	 	  	   	    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
 
    	   	 '  ()*+ 	    	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
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  	   (X , C,R, κ)    	
  	 	 
,   E+ 
=
∅   P   
		 
		
	    E+ ∩ P 
= ∅ 
 x∗ ∈ Rn+  Q(x∗) =







 ∗  
 ⋃   	 x∗,1, x∗,2 ∈ E+ ∩ P  x∗,1 
= x∗,2  Q(x∗,1) ∩
Q(x∗,2) = ∅

 .	  	 x, x∗ ∈ Rn+  	
x ∈ Q(x∗)  	   x∗ ∈ Q(x). 
/
  x∗,1, x∗,2 ∈ E+ ∩ P 	 x ∈ Q(x∗,1) ∩Q(x∗,2)  x∗,1, x∗,2 ∈ Q(x)
 0 ! 1	

  	 x∗,1 = x∗,2
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 x ∈ E+ 
   
     x∗ ∈ P ∩Q(x) 
 
   x∗ ∈ E+ 
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  	   (X , C,R, κ)    	
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	  	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  E+ ∩P 
E+ ∩ P ′ 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 ##  (a) 
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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#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 R2≥0  ## [a, 0]
 ∈
R2≥0 	 [0, a]




















∣∣∣∣ x1 = x2}⋃∗
{
x ∈ R2+
∣∣∣∣ x1 = 1− 2ε+
√






∣∣∣∣ x1 = 1− 2ε−
√












∣∣∣∣ x1 = x2} .
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  	   (X , C,R, κ)    	
  	 	   E+ 
= ∅ 	
 
 	 Er+ 
= ∅ 
  r ∈ 1, 

 -
   E+ 
= ∅  0   '  

  Er+ 
= ∅




     Er+ 
= ∅   r ∈ 1,  8
   
 r ∈ 1,  

	




  vr ∈ Rcr+    Θr(x) = vr  Br · Irκ · vr = 0.
, 
 log(Θr(x)) = (Br) log(x)  log : Rn+ → Rn   (9
  
 (  Er+ 















 ran(B̂r) = ran[(Br),1r] 
  γr ∈ R+ 
 	
 log(γrvr) = log(vr) + log(γr)1r 






  vr ∈ Rcr+    log(vr) ∈ ran(B̂r)  Br · Irκ · vr = 0.
*  
 
    v1, . . . , v    log(vr) ∈ ran(B̂r)  Br · Irκ · vr = 0  
r ∈ 1,  . ' "/ 
 	
























  x ∈ Rn+  γ1, . . . , γ ∈ R+  	
  log(x) = u  − log(γr) = wr   r ∈ 1, 




s = Θi(x) 	
Θr(x) = γrvr 
B · Iκ ·Θ(x) =
∑
r=1
Br · Irκ ·Θr(x) =
∑
r=1
γr ·Br · Irκ · vr =
∑
r=1
γr · 0 = 0.

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	 (X , C,R, κ)

E+ = {x ∈ Rn+ | B · Iκ ·Θ(x) = 0},
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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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 	 x∗ ∈ E+  E+ = {x ∈ Rn+ | log(x)− log(x∗) ∈ (ranS)⊥}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dim(kerB ∩ ranκ I) = 1 	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	 δ = 1  0 
= h ∈ kerB ∩ ran Iκ 
y ∈ Rc+  y∗ ∈ Rc≥0    Iκy = 0, Iκy∗ = h 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  Iκ ·Θ(x) ∈ kerB & x ∈ E+  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 Θ(x) = αy∗ + γy 	 	 α, γ ∈ R '	  Θ(x) ∈ Rc+  	 	  αy∗ + γy ∈ Rc+
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 	  γ > 0  α/γ > β∗ 
β∗ = max{−yi/y∗i | i ∈ C  y∗i > 0}.
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  kerB ∩ ran Iκ = ker B̂   ker B̂ = (h)  	 ran B̂ = ((h))⊥
   	 	 h%   * g : (β∗,∞) → R 







)  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 y ∈ Rc+ y∗ ∈ (Rc+) y ∈ ker Iκ y∗ ∈ ker(B · Iκ) 
ker(B · Iκ) ∩ Rc+ = {αy∗ + γy | γ > 0  α > γβ∗},
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 β∗ = max{−yi/y∗i | i ∈ C 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 y1  y2    "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 y1 ∈ (Rc+) y2 ∈ (Rc+) y1 ∈ ker(B · Iκ) y2 ∈ ker(B · Iκ) 
ker(B · Iκ) ∩ Rc+ = {λ1y1 + λ2y2 | λ1 > 0  λ2 > 0}.
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   (X , C,R, κ)    	
  	 	 
  	
  E+ 
= ∅ 
 	  v ∈ kerB ∩ ran Iκ   (I ′′κ)−1v′′ ∈ Rc
′′
+ .  


 	 v ∈ ran Iκ 	   (I ′′κ)−1v′′ ∈ Rc
′′
+  v(C′′) < 0 




 	 !! 
  " x∗ ∈ E+ # Iκ · Θ(x∗) ∈ kerB #    v ∈ kerB ∩ ran Iκ 	
 Iκ · Θ(x∗) = v $      (I ′′κ)−1v′′ = Θ′′(x∗) %	 Θ(x∗) ∈ Rc+   
 
(I ′′κ)






  v ∈ ran Iκ 	  (I ′′κ)−1v′′ ∈ Rc
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+   y ∈ Rc  	  v = Iκy #
y′′ = (I ′′κ)
−1v′′  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v(C′′) = 	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 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= ∅  z > 0 
  







  *&		+, #

 	
   (X , C,R, κ)    	




   0 
= h ∈ kerB ∩ ran Iκ    h(C′′) ≤ 0 
 	 h(C′′) = 0  E+ = ∅
 	 h(C′′) < 0  E+ 
= ∅ 	  
 	 (I ′′κ)−1h′′ ∈ Rc
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 	 E+ 
= ∅  x∗ ∈ E+  E+ = {x ∈ Rn+ | log(x)− log(x∗) ∈ (ranS)⊥} 
 	 E+ 
= ∅  |E+ ∩ P| = 1 
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−1h′′ ∈ Rc′′+  
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−1h′′ ∈ Rc′′+
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  h ∈ ran Iκ  Iκ      I ′′κ 
     y∗,1, y∗,2 ∈ Rc    Iκy∗,1 = Iκy∗,2 = h  y∗,1i = y
∗,2
i 
 i ∈ C′′  y∗ ∈ Rc    Iκy∗ = h  !   z∗ : R → R   "

# $  z∗(i, j) = κijy∗i ((i, j) ∈ R)% &  '      z∗(a) 
' 
   i ∈ C′′ 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  κ  h  !( 
y∗    Iκy∗ = h % ) (I ′′κ)
−1h′′ ∈ Rc′′+ (    
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 	   (I ′′κ)−1h′′ ∈ Rc
′′
+   +

  E+  
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 (b) 
  (I ′′κ)
−1h′′ ∈ Rc′′+   y, y∗ ∈ Rc≥0    Iκy = 0 Iκy∗ = h
  j ∈ C   yj > 0     j ∈ C′,
  j ∈ C\C′   y∗j > 0, 
 (  j ∈ C′   y∗j = 0.
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 #-     (I ′′κ)
−1h′′ ∈ Rc′′+
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 x ∈ Rn+ "  x ∈ E+     Iκ ·Θ(x) ∈ kerB 0 x ∈ E+    
Θ(x) = αy∗ + γy  
 α, γ ∈ R 1  Θ(x) ∈ Rc+ 1   αy∗ + γy ∈ Rc+  
  α, γ > 0 $ $#,%% 	  
     Θ(x) = αy∗+γy 
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  β  !(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 α = βγ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log(βy∗ + y) ∈ ran B̂  β ∈ (0,∞)
 kerB ∩ ran Iκ = ker B̂   ker B̂ = (h)   ran B̂ = ((h))⊥
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   ! g : (0,∞) → R 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  
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3 (d)   β
p→ ∏i∈C(βy∗i + yi)hi   4  (0,∞)  R+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y(r) ∈ Rcr+  
 
 ker Irκ = 	(y(r)) 	   r ∈ 1, 

 r ∈ 1,   y(r) ∈ Rcr+    Irκ · y(r) = 0 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  	    y(r)
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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 y∗(r) ∈ (Rcr+ )    Irκ · y∗(r) = h(r)
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  y(r) ∈ Rcr+ 	 y∗(r) ∈ (Rc
r
+ ) 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 r ∈ 1, 
(  
y∗(r) = 0  	 	  h(r) = 0   r ∈ 1, .  
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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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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  λ ∈ R !	 y∗(r) ∈ (Rcr+ )
	 y(r) ∈ Rcr+  % 	  λ = 0 	 y∗(r) = 0   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  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	, h(r) 
= 0) 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 r ∈ 1, ′ 	
y∗(r) = 0 ( *'	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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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 E+ 
	   
	 B · Iκ ·Θ(x) = 0 
 kerB ∩ ran Iκ = (h)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x ∈ Rn+ 
  
 E+ 
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	  
  α ∈ R  
Iκ ·Θ(x) = αh,
 
  
 α, γ1, γ2, . . . , γ ∈ R 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α, γ1, γ2, . . . , γ ∈ R 
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  y∗i > 0.
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
 

   
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  
#   #
 	 ( 





































∣∣∣∣ i ∈ Cr  y∗i > 0} . )
  
  	  	
 	   x ∈ Rn+ 
  
 E+ 
	   
	  




























   	
	   α = β1γ1

         	
       
   
	
     	
   	

       !" 
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   ran B̂
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r ,∞), x ∈ P ∩ Rn+,  γ ∈ R+
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r ,∞), x ∈ P ∩ Rn+,  γ ∈ R+
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 ker B̂ = 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$ ran B̂ = (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*  h(r) = 0   r ∈ ′ + 1, 
  ∏i∈Cr(yi)hi = 1  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r ∈ ′ + 1, 







hi (βr ∈ (β∗r ,∞)). 	
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  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   ran B̂    
∏′
r=1 pr(βr) = 1
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  ′ ≥ 2     b : ×′−1r=1 (β∗r ,∞) → (β∗′ ,∞)















r ,∞)  β′ ∈ (β∗′ ,∞)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p1(β1) · · · p′−1(β′−1)
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 p−1′ : R+ → (β∗′ ,∞) 
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 x : ×′−1r=1 (β∗r ,∞) → Rn+
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  β = (β1, . . . , β′−1)
 ×′−1r=1 (β∗r ,∞) 
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  cr = |Cr| (r ∈ 1, )
+*
  c = |C|    n = |X | 	 S 
       q ∈ Rn+ 	 Iκ 
  









+ )  h ∈ Rc\{0} 
   y∗(r) ∈ (Rc
r
+ )    
r ∈ 1,  Iκy = 0  Iκy∗ = h   	 ′ 
    	 	 β∗r 
    
  pr 
  
  (r ∈ 1, ′) 	
b : ×′−1r=1 (β∗r ,∞) → (β∗′ ,∞)

        




r ,∞) → R+

 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(β∗′ ,∞)× Rn+ × R+
)
  V ∈ Rn×(n−rankS)   
       (ranS)⊥ !   1 + n +  = c + (n − rankS)  
      "   1   #  $ 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%%   &% 
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   %   
b,x  g    * +  %   &%  ! '  
     b,x  g    *        
  ,   %%  +    
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  G    -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  %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(β∗′ ,∞)× Rn+ × R+
)





(β∗′ ,∞)× Rn+ × R+
)
   v ∈ Rc+(n−rankS)   *     + 
 (∂(β′ ,x,γ)G)(β, β′ , x, γ) /      v = 0
0 
(∂γG)(β, β′ , x, γ) =
⎡⎣ −L · diag ( 1γ1 , . . . , 1γ)
0(n−rankS)×
⎤⎦ ∈ R(c+(n−rankS))×,
 L ∈ {0, 1}c×      diag(1/γ1, . . . , 1/γ)   .  
.  1/γ1, . . . , 1/γ   0(n−rankS)×   (n− rankS)×  1  (





∈ Rc+(n−rankS)  v1 ∈ Rc  v2 ∈ Rn−rankS  2 v ·

	
(∂γG)(β, β′ , x, γ) = 0   diag(1/γ1, . . . , 1/γ)  	 
  		   (v
1)L = 0 




(∂xG)(β, β′ , x, γ) =




 diag(1/x1, . . . , 1/xn)     	  
    	 
 1/x1, . . . 1/xn  
   
(v1) ·B · diag(1/x1, . . . , 1/xn) + (v2) · V  = 0.  
! 	   
  	 v2 = 0. "
#  v1 ∈ ran I   S = B · I      Bv1 ∈ ranS $	   	 
V 
      (ranS)⊥ V v2 ∈ (ranS)⊥ % & T  &
   ' (
 
 diag(1/x1, . . . , 1/xn)       
 )' 		&   Tu
1 + u2 = 0 

u1 = Bv1 ∈ ranS   u2 = V v2 ∈ (ranS)⊥ 


0 = 〈u1, u2〉 = −〈u1, Tu1〉.
* T  ' (      u1 = 0   

 u2 = −Tu1 = 0 * V v2 = 0
   	  V  
 	 
	&   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"
$	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+ )  h ∈ Rc\{0} 
  y∗(r) ∈ (Rcr+ ) 
  r ∈ 1,  Iκy = 0  Iκy∗ = h    ′    (  
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h5 + h6 + h7 < 0, h7 < 0, h7 + h8 < 0, h7 + h8 + h9 < 0,
h5 + h6 + h7 + h8 < 0, 	 h5 + h6 + h7 + h8 + h9 < 0.
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+ h3(κ23κ34 + κ24κ32 + κ24κ34 + κ21κ34)+
+ h4(κ23κ34 + κ24κ32 + κ24κ34 + κ21κ34 + κ21κ32)
*
    	 
	 	
κ23κ34(h2 + h3 + h4)+
+ κ24κ32(h2 + h3 + h4)+
+ κ24κ34(h2 + h3 + h4)+
+ κ21κ34(h3 + h4)+
+ κ21κ32h4
    	 
	
       j ∈ C′′ 	  
 U ⊆ C′′  

  (C′ ∪ {j}) R̃ 

 V [R̃, j] = U  	   
   i′ ∈ U  

  P ∈
−→
i′, j 
  V [P ] ⊆ U 	 
   i′ ∈ C′′\U  

  P ∈
−−→
i′, C′ 
  V [P ] ⊆ C\U  
 
 	  
 C′′j−inarb 
C′′j−inarb = {U ⊆ C′′ | U 
















  	   (X , C,R)   	
 
	 	   = t = 1 
 δ = 1 





  h ∈ Rc   
   
 	  κ : R → R+ 
 Eκ+ 
= ∅  
 	
 
	  j ∈ C′′ 

⎧⎨⎩	  U ∈ C′′j−inarb   h(U) ≤ 0 
   U ∈ C′′j−inarb   h(U) < 0  

 	
 LD(κ) 	  		 
 	       	 	
 
  κ : R → R+ 








⎞⎟⎟⎟⎟⎠ < 0.  
  	 	    		  
!    		
      
 "# j ∈ C′′   	   
 h(U) = 0   U ∈ C′′j−inarb  
	   ! 	   #  
#	  U ∈ C′′j−inarb   h(U) > 0  $ 
		
  U ∈ C′′j−inarb 	  

h(U) > 0    	 
  
  C′′j−inarb 
 U 
  	   


     		   	  	   U 	 
  
 
























  !	  
   
 	 	 	 
 	 
 "  κ|in(U)∪out(U)#
   U ∈ C′′j−inarb\{U} 
   R̃ ∈ TD(C′ ∪ {j}) 	  V [R̃, j] = U #  
R̃∩(in(U)∪out(U)) 
= ∅  	#  	
  	  κ|in(U)∪out(U) 	 
  $# 

    	    	
     
 	     	 	

  	    !	  
  	  	 
	    
%  &  ' 	  
	









    
  	  	 	

	     	  
   	  	  &  ' 






























 +   	 
 
C′′2−inarb = { {2, 3, 4, 5, 6, 7, 8} },
C′′3−inarb = { {3, 4}, {3, 4, 7, 8} },
C′′4−inarb = { {4}, {3, 4}, {4, 7, 8}, {3, 4, 7, 8} },
C′′5−inarb = { {5}, {5, 6}, {5, 6, 7, 8} },
C′′6−inarb = { {6}, {5, 6}, {6, 7, 8}, {5, 6, 7, 8} },
C′′7−inarb = { {7, 8} }, 

C′′8−inarb = { {8}, {7, 8} }.
 
%       	 {3, 4, 7, 8} ∈ C′′3−inarb 	  	-
 

   		 {3, 4} ∈
C′′3−inarb 
 {7, 8} ∈ C′′7−inarb  (
# 
  .  h({3, 4}) ≤ 0 
 h({7, 8}) ≤ 0#
 	 

		  . 	 h({3, 4, 7, 8}) ≤ 0# 	 
  	  		! 
# 
 
 	 	   '    j ∈ C′′ 




  	   		




    U   
   
   
  j ∈ C′′    U ∈ C′′j−inarb  
 h(U) ≤ 0
 
 h({2, 3, 4, 5, 6, 7, 8}) ≤ 0 h({3, 4}) ≤ 0 h({4}) ≤ 0
h({5}) ≤ 0 h({6}) ≤ 0 h({7, 8}) ≤ 0  h({8}) ≤ 0
   
   h   
 !   	
   "
 #  
  ## 
 
 $ # 	 $  

 
      (C,R) 	
 %  j ∈ C′′  C′′j−inarb   	 "& 
i ∈ C   
 U(i) ⊆ C 
U(i) = {k ∈ C |   P ∈
−−→
k, C′   i ∈ V [P ]}, 
	 k ∈ C 	    U(i) 	   	   k  C′   i 
 i ∈ C′′   U(i) ⊆ C′′ 
   j ∈ C′′   U(j) ∈ C′′j−inarb 





   ∗   	 i, i′ ∈ IU  i 
= i′  U(i) ∩ U(i′) = ∅

   '## &  	  
  
   '## ( $ ) 
 
 U(C′) = C $    
  U(C′)   
# "( * 
  
$   
 		 {U(i) | i ∈ C′′}  #+ 
 
  U(i)   			

 
 #   ,$	 " - 
  
 	 +   

U(2) = {2, 3, 4, 5, 6, 7, 8}, U(3) = {3, 4}, U(4) = {4}, U(5) = {5},
U(6) = {6}, U(7) = {7, 8},  U(8) = {8}.
*   '## &  . #   
 		 {U(i) | i ∈ C′′} 

  ## - 
   k ∈ C′′ 
 .  	 
 # k  C′  





  	    (C,R) 	
 %  i, i′ ∈ C′′  
 U(i)  U(i′)  	
 
 i ∈ U(i)
 	 i′ ∈ U(i)\{i}  U(i′) ⊆ U(i)\{i}
 	 i 
= i′  	 U(i)  U(i′)  U(i)  U(i′)  U(i) ∩ U(i′) = ∅ 
((
  out(U(i)) ⊆ out(i)   		 
  

 	 U(i)  
	 i
    (a)  	

 	
  (b)   i′ ∈ U(i)\{i}   i′′ ∈ U(i′)    	
 	 i′′  C′ 	
	 i′   i′ ∈ U(i)    	
	 i  	
 
U(i′) ⊆ U(i)  	
 (b)  	    i /∈ U(i′) 
	    
 
i′ ∈ U(i) 	  	   	  	 i′  C′  	
	 i   	
  
	 	   	   i 
= i′     	  
	  	 i  C′    	
	 i′
  (c)   U(i) ∩ U(i′) 
= ∅   i′′ ∈ U(i) ∩ U(i′)    	
 	 i′′  C′  	
	  i  i′    		  i  i′   	
     	    	  	  	 i′′  C′
   
 i   	  
 i′    	 i ∈ U(i′)\{i′} 	
i′ ∈ U(i)\{i}     	   (b)
 	
 (d)   	  	  i′ ∈ U(i)\{i}  i′′ ∈ C\U(i) 
 (i′, i′′) ∈ R  	   P ∈
−−→
i′′, C′   i /∈ V [P ] 		 con(i′, P ) ∈
−−→
i′, C′
  	   
 i 	 i′ ∈ U(i)     	  !  
" 
    	
  	
 (a) ! j ∈ C′′   i′ ∈ C′′  !	  i′ ∈ U(j)
  P ∈
−−→
i′, C′ # $ %&' (d) V [P i′:j ] ⊆ U(j)  P i′:j   	  P 	 i′
 j   "    i′ ∈ C′′\U(j) (     	  
	  	 i′  C′  




 V [P ] ∩ U(j) 
= ∅   $ %&' (d)    j ∈ V [P ]  	
i′ /∈ U(j)
    	
 (b) ) j ∈ C′′  U ∈ C′′j−inarb )	 i ∈ U   
 U(i) ⊆ U  
	 	     i′ ∈ U(i)\U  	  	     	 
	 i′  C′  
 U      
 i ∈ U(i)   $ %&' (a)"   
U = ∪i∈UU(i) )	   $ %&' (c)    U    *  
 U(i)+   	     U(i)+ , 	   	 
	   U  





  %&."  	
 h ∈ Rc  
  i, j ∈ C′′
	
 C′′j−inarb     %-/"  	








   		 j ∈ C′′   		 U ∈ C′′j−inarb   h(U) ≤ 0
   		 i ∈ C′′   h(U(i)) ≤ 0
'1
    	 (A) 
  (B) 
 

  	  (a)
  	 (B) 
  	 (A)   	 	
  	 
(b) 
 	
   (X , C,R)   	
 
	 	   = t = 1 
 δ = 1 





  h ∈ Rc   
  	 i, j ∈ C′′  C′′j−inarb  

  
  U(i)   
  
 	  κ : R → R+   Eκ+ 
= ∅  
 	
 ⎧⎨⎩	  i ∈ C′′   h(U(i)) ≤ 0 
	  j ∈ C′′   
 i ∈ ∪U∈C′′j−inarbIU   h(U(i)) < 0  
 IU   
  	 C′′   U = ∪∗i′∈IUU(i
′)     ! (b)"
   !"	
  	  !  #










) 	  (b) 	 * (c)$  i, j ∈ C′′ 	 U ∈ C′′j−inarb  	"
i ∈ IU  	 






	 ,$  	   	 -   	"
{2, 3, 4, 5, 6, 7, 8} = U(2),
{3, 4} = U(3), {3, 4, 7, 8} = U(3) ∪∗ U(7),
{4} = U(4), {3, 4} = U(3), {4, 7, 8} = U(4) ∪∗ U(7), {3, 4, 7, 8} = U(3) ∪∗ U(7),
{5} = U(5), {5, 6} = U(5) ∪∗ U(6), {5, 6, 7, 8} = U(5) ∪∗ U(6) ∪∗ U(7),
{6} = U(6), {5, 6} = U(5) ∪∗ U(6), {6, 7, 8} = U(6) ∪∗ U(7), {5, 6, 7, 8} = U(5) ∪∗ U(6) ∪∗ U(7),
{7, 8} = U(7), 	
{8} = U(8), {7, 8} = U(7).
$
I{2,3,4,5,6,7,8} = {2},
I{3,4} = {3}, I{3,4,7,8} = {3, 7},
I{4} = {4}, I{3,4} = {3}, I{4,7,8} = {4, 7}, I{3,4,7,8} = {3, 7},
I{5} = {5}, I{5,6} = {5, 6}, I{5,6,7,8} = {5, 6, 7},
I{6} = {6}, I{5,6} = {5, 6}, I{6,7,8} = {6, 7}, I{5,6,7,8} = {5, 6, 7},
I{7,8} = {7}, 	
I{8} = {8}, I{7,8} = {7},
%,
  	
W (2) = {2},W (3) = {3, 7},W (4) = {3, 4, 7},W (5) = {5, 6, 7},




W (7) ⊆ W (3),W (7) ⊆ W (4),W (7) ⊆ W (5),W (7) ⊆ W (6),   W (7) ⊆ W (8),
	       i2 ∈ W (2)   i7 ∈ W (7)    h(U(i2)) < 0   h(U(i7)) <
0 	     	   	        i4 ∈ W (4)    h(U(i4)) < 0
      	         	   	  	 	   
 		  !" #	    $	%   %  $	 	 W (j) 
    (W (j)
    
&  '	$		 !! (  $		 	   $	$		    
		 		  	 )* +	
  	
   D = (V,A)   	 
   s, t  	  (s, t) /∈ A 
  P1, P2 ∈
−→
s, t 	  V [P1] ∩ V [P2] = {s, t}       i ∈ V \{s, t} 
  P ∈ −→s, t 	  i /∈ V [P ]
 +      	 	 +	 ,-  .&- 	 /-0 	 	 	
)* +	 
 		   (C,R)  
-"   j ∈ C′′   W (j)    
&

W (j) = {i ∈ C′′ |   Pj ∈
−→
i, j  PC′ ∈
−−→
i, C′ 	  V [Pj ] ∩ V [PC′ ] = {i}}. 
1
 (	  Q(j)   	      	 
1 2  	 
1  	
  	 W (j) ⊆ Q(j)   W (j) ⊇ Q(j) 	
#  $	%   W (j) ⊆ Q(j) 	 3 
&   
  	  	 i ∈ C′′  
i ∈ W (j)    	 
    U ∈ C′′j−inarb    i ∈ U   	   i′ ∈ U\{i}   % i /∈ U(i′) 
/
+	 	    %  $	 	 Q(j)    $$ +	 !- 	    $
D̂ = (C ∪ {c},R∪ {(j, c), (C′, c)}),
 c       % +   %      (j, c)   (C′, c) 	 R ,$$ 	
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
	 
	  	 	
 	
   		
   ! i ∈ C′′\{j}
"
 #	 
 	   j ∈ Q(j) $
 	
%   	  	
	 W (j) ⊆
Q(j)
& 	
 !   W (j) ⊇ Q(j) '	( i ∈ Q(j) Pj ∈
−→
i, j $ PC′ ∈
−−→
i, C′ 
  V [Pj ] ∩
V [PC′ ] = {i} )
U = {i′ ∈ C′′ |  (	

  P ∈
−→
i′, j 
  V [P ] ∩ V [PC′ ] ⊆ {i}}, *
	    
 	
 !  	 	 	
 

	   j  	 
	 PC′ (
% 	 i & 	







  U 	 *
!+
  "
    U ∈ C′′j−inarb " % 	 	 	
 !  # 	
  i ∈ IU  -%
i ∈ U $ (V [PC′ ]\{i})∩U = ∅ .  $
  (	
 i′ ∈ U\{i} 
  i ∈ U(i′) "

%    	  i ∈ IU  "	
 $
  ! !  	
	 W (j) ⊇ Q(j) 
& 
 j1, j2 ∈ C′′  
  W (j1) ⊆ W (j2) 	 	
 $$ 	 -%   /	
  (	

  i ∈ W (j2) 
  h(U(i)) < 0 
 	
 $% ! 
 	!   /	
 
 ! j1 	
$ ! j2 & $   	$ ! 
 #	$ ! $$	
   #  

#   	 {W (j) | j ∈ C′′} " ! 	  	
  #%
      (C,R) 	
 *   j ∈ C′′  W (j)   	  	
j1, j2 ∈ C′′   j1 ∈ W (j2)  W (j1) ⊆ W (j2)
	
 ) j3 ∈ W (j1) 0 	 	
  
   j3 	
 
   ! W (j2) &! j3 = j2 





 !  
 ! 	
 !  j3 
= j2 1		% 
 ! ! 2
		     	 % " *   $	$ 
D̂ = (C ∪ {c},R∪ {(j2, c), (C′, c)}),
  c 	
  (		% ( )
Pj2 ∈
−−−→
j1, j2 $ PC′ ∈
−−−→
j1, C′  
  V [Pj2 ] ∩ V [PC′ ] = {j1} $
Qj1 ∈
−−−→
j3, j1 $ QC′ ∈
−−−→
j3, C′  
  V [Qj1 ] ∩ V [QC′ ] = {j3}.
-%    
   !  i ∈ C\{j3}  (	

  $	$  ! j3  c 	 D̂ 
$
  
 i    $   




  i ∈ C\V [QC′ ] " con(QC′ , c) 	





 !    
 i ∈ V [QC′ ]\{j3} " i /∈ V [Pj2 ]  i /∈ V [PC′ ]     	

	
	 &! i /∈ V [Pj2 ]  con(Qj1 , Pj2 , c) 	
  $	$  # ! j3  c 	 D̂  $
 

 i &! i /∈ V [PC′ ]  con(Qj1 , PC′ , c) 	
  $	$  # ! j3  c 	 D̂  $
 

 i &  

   
	% 
  $
	$ $	$  !  $	$
 # 

  j ∈ C′′  	
 C′′(j)         (C,R)  
j     
C′′(2) = {2}, C′′(3) = C′′(4) = {3, 4}, C′′(5) = C′′(6) = {5, 6},  C′′(7) = C′′(8) = {7, 8}.
  j ∈ C′′  
    	   C′′(j)  j  out(j) ∩ out(C′′(j)) 
= ∅  
  
   j ∈ {2, 3, 5, 6, 7}
  	
    (C,R) 	
    j ∈ C′′  W (j)   	 ! 
j ∈ C′′    	 	 	   C′′(j)  j 	 out(j)∩ out(C′′(j)) 
= ∅ 
  j′ ∈ C′′(j)   W (j) ⊆ W (j′)
   j′ ∈ C′′(j)       j  j′   
  
C′′(j) "     out(j) ∩ out(C′′(j)) 
= ∅   	   C′  j 

   C\(C′′(j)\{j}) # 	
 $ %%   j ∈ W (j′) & %
   
'     	 
   j1, j2 ∈ C′′    C′′(j1) = C′′(j2) out(j1)∩
out(C′′(j1)) 
= ∅  out(j2) ∩ out(C′′(j2)) 
= ∅  W (j1) = W (j2)     (
    W (5) = W (6)
& J 	  	  C′′  
J  
     )		    (C,R) 
  j ∈ J   out(j) ∩ out(C′′(j)) 
= ∅
*%
        J  "  {2, 3, 5, 7}      {2, 3, 6, 7} 
	   J = {2, 3, 5, 7} +  ,
 %*  
W (3) ⊆ W (4),W (5) ⊆ W (6),  W (7) ⊆ W (8),
      -
.   	   

  	  (X , C,R)   	   	  = t = 1  δ = 1   
(C,R) 	  !    h ∈ Rc   	   i, j ∈ C′′  U(i)  W (j)
  	   ! 	!    J   	 *%    κ : R → R+ 
 Eκ+ 
= ∅ 	  ! 	⎧⎨⎩  i ∈ C′′   h(U(i)) ≤ 0    j ∈ J  "	  i ∈ W (j)   h(U(i)) < 0
  / 
   !  , %  %* 
0
   	
      J = {2, 3, 5, 7}  
   
    W (2) W (3) W (5)  W (7)   
W (2) = {2},W (3) = {3, 7},W (5) = {5, 6, 7},  W (7) = {7}. 	
!
" 7 ∈ W (3)  7 ∈ W (5) # $ 
   W (7) ⊆ W (3)  W (7) ⊆ W (5) 	
  #  	
! %       
 & 
       
  	   (X , C,R)   	
 
	 	   = t = 1 






  h ∈ Rc   
 	






  	  J   
 	
! 
 	  κ : R → R+ 
 Eκ+ 
= ∅  
 	
 ⎧⎨⎩	  i ∈ C′′   h(U(i)) ≤ 0 
	  j ∈ J  W (j) ⊆ C′′(j)   
 i ∈ W (j)   h(U(i)) < 0 	
!!

 ' W (j)  C′′(j)   j ∈ J   j′ ∈ W (j)\C′′(j)   W (j′) ⊆ W (j)
	 $ 
 ( # j′′       J ∩ C′′(j′) %  
W (j′′) ⊆ W (j′) ⊆ W (j) 	  
! )   * +  i ∈ W (j′′)
  h(U(i)) < 0,   * +  i ∈ W (j)   h(U(i)) < 0, % 




W (2) = {2} ⊆ {2} = C′′(2),
W (3) = {3, 7}  {3, 4} = C′′(3),
W (5) = {5, 6, 7}  {5, 6} = C′′(5), 
W (7) = {7} ⊆ {7, 8} = C′′(7).
	
!
%     	
!!  +      
{U(i) | i ∈ W (j)}  j ∈ C′′    out(j) ∩ out(C′′(j)) 
= ∅  W (j) ⊆ C′′(j)
 	   (C,R)  	
. 	 i, j ∈ C′′  U(i) 





   j ∈ C′′   out(j)∩ out(C′′(j)) 
= ∅ 
 W (j) ⊆ C′′(j)

   {U(i) | i ∈ W (j)}  	
 
 ∪∗i∈W (j)U(i) = U(C′′(j)) 




 -      {U(i) | i ∈ W (j)}  / $ i1, i2 ∈ W (j) # 
 i1 
= i2 (  $ 
0 (c)  1      U(i1)  U(i2) 
     #   U(i2) ⊆ U(i1)\{i1} $ Pj ∈
−−→
i2, j  PC′ ∈
−−→
i2, C′
#   V [Pj ] ∩ V [PC′ ] = {i2} 	 2 
   i2 ∈ U(i1) #  
	i2 ∈ U(i2) # $ 
0 (a)   i1 ∈ V [PC′ ]   i1 




j, C′     V [P ] ∩ C′′(j) = {j} 	
  out(j) ∩ out(C′′(j)) 
= ∅  

i1 /∈ V [P ] 	
  i1 ∈ W (j) ⊆ C′′(j)    i1 = j  
    
con(Pj , P ) ∈
−−→
i2, C′  i1 /∈ V [con(Pj , P )] 
 i2 ∈ U(i1)  
 

   {U(i) | i ∈ W (j)} 
  
    
  ∪∗i∈W (j)U(i) = U(C′′(j))      U(C′′(j)) ∈ C′′j−inarb 	
 
  
   
   (a) ! "  IU(C′′(j)) ⊆ W (j) 	
	#$ %   
 i ∈ W (j) "  i ∈ C′′(j) 	
   "   
  W (j) ⊆ C′′(j)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∪∗i∈W (j)U(i) = U(C′′(j))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'(  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)  
 i, j ∈ C′′
• U(i) = {k ∈ C′′ |  
  
 k  C′ 

 i}
• C′′(j)   
    
   (C,R) "  j
• U(C′′(j)) = {k ∈ C′′ |  
  
 k  C′ 

 C′′(j)} 
• W (j) = {k ∈ C′′ | 
  Pj ∈
−→
k, j  PC′ ∈
−−→
k, C′   V [Pj ] ∩ V [PC′ ] = {k}}
% 
  J ⊆ C′′    J  
     * 
 

   (C,R)  
  j ∈ J "  out(j) ∩ out(C′′(j)) 
= ∅
  	
   (X , C,R)   	
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  h ∈ Rc   
 	 	 i, j ∈ C′′  U(i) W (j) 

U(C′′(j))   
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 	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 κ : R → R+   Eκ+ 
= ∅  
 	
 ⎧⎨⎩	  i ∈ C′′   h(U(i)) ≤ 0 
	  j ∈ J  W (j) ⊆ C′′(j)   h(U(C′′(j))) < 0
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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 "  U(C′′(2)) = U(2)  U(C′′(7)) = U(7) "    
 
κ : R → R+ "  Eκ+ 
= ∅    
h({2, 3, 4, 5, 6, 7, 8}) < 0, h({3, 4}) ≤ 0, h({4}) ≤ 0, h({5}) ≤ 0,
h({6}) ≤ 0, h({7, 8}) < 0,  h({8}) ≤ 0.
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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
U(2) = {2, 3, 4, 5, 6, 7, 8},U(3) = {3, 4},U(5) = {5, 6}, 
	 U(7) = {7, 8}.
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
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    (C,R) 	
 '  J   	 $)   j ∈ J
 U(j)   	 $%  j1, j2 ∈ J    j1 
= j2  	 U(j1)  U(j2) 
U(j1)  U(j2)  U(j1) ∩ U(j2) = ∅
    
 U(j1) ∩ U(j2) 
= ∅  j′1 ∈ C′′(j1) 
	 j′2 ∈ C′′(j2)    
 U(j′1) ∩
U(j′2) 
= ∅ (  ! 
 '* (b) 
	 (c)  U(j′1)  U(j′2)\{j′2}  U(j′1)\{j′1}  U(j′2)
+
!   
 
 !  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 Q1, Q2 ∈ Q  

Q1 ⊆ Q2  Q1 ⊇ Q2  Q1 ∩Q2 = ∅.
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  ! 
 '* (c) 
	 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 ),    
{U(i) | i ∈ C′′} ∪ {C} 
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(Q1, Q2)  
 
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 
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 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 T  
  D   !   TD   {V 1, . . . , V k}" #  k1, k2 ∈ {1, . . . , k}
  k1 
= k2"    (V k1 , V k2)     TD  outD (V k1) ∩ inD(V k2) 
= ∅
$ #    T     T(C,R) "   !   T 
{C′′(j) | j ∈ J } ∪ {C′} $    T       	
   %  " #    & $   
 
  !   T " T "  T #   C′′ ∪ {C′}" J ∪ {C′}"  J ∪ {C′}"
    U(C′) = C  U(C′) = C $  &"  
T      T      ! " # %    
   $ 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  j ∈ J   W (j) ⊆ C′′(j)   !
   T  T      D = (V,A)  j ∈ V     RD(j)  
'(
  	  
   	  		    j  D 
RD(j) = {j̃ ∈ V |  		     
 j̃   j  D}. 
 	      j ∈ J   RT (j) ⊆ RT(j)
  	
    (C,R) 	
   J   	    j ∈ C′′ 
W (j)   	        T  	 	  T    	
j ∈ J   W (j) ⊆ C′′(j) 	   	 RT (j) = RT(j)  RT (j)  RT(j)  
	  	 
  !		"
 #	  RT (j) = RT(j)  	" 	 $    W (j)\C′′(j) 
= ∅ %
i ∈ W (j)\C′′(j) Pj ∈
−→
i, j  PC′ ∈
−−→
i, C′  	"  V [Pj ]∩V [PC′ ] = {i} 	 &  	  
!	   P ∈
−−→
j, C′  	"  V [P ] ∩ C′′(j) = {j}   out(j) ∩ out(C′′(j)) 
= ∅ '
  PC′  con(Pj , P )   	  
 i   C′  	      $  

 
  C′′(j) '"	   	   	 j′ ∈ C′′(j) 	"  i ∈ U(j′)   	("$
i /∈ U(j) % j ∈ J  	"  i ∈ C′′(j) ' j ∈ RT(j)  j /∈ RT (j)   	
RT (j) = RT(j)
'  	       		"
  W (j) ⊆ C′′(j)  	" 	 $    
i ∈ C′′ 	 	"  −→i, j 
= ∅    	   	 j′ ∈ C′′(j) 	"  i ∈ U(j′) )  
		"
  i 	 	" 
−−−−→
pT (i), j = ∅  pT (i) ∈ C 	     i  T  pT (i) 	
 	      "("    
 i   C′  T  * i ∈ U(i)    	
 i /∈ C′′(j) +  	   i ∈ W (j)   "	   W (j) ⊆ C′′(j) '  	 
 "	  i ∈ W (j)     	 {i′ ∈ C′′\{i} | i ∈ U(i′)}  	  V [P ]\{i, C′}
 P 	  "("    
 i   C′  T  ,  $  " 		"
    i   
i′ ∈ V [P ]\{i, C′}  
−→
i′, j = ∅ '"	 -. 	     " &  	     
         	      i ∈ W (j) '	  "	     
/      -   
RT (2) = {2, 3, 5, 7} = {2, 3, 5, 7} = RT(2),
RT (3) = {3}  {3, 7} = RT(3),
RT (5) = {5}  {5, 7} = RT(5), 
RT (7) = {7} = {7} = RT(7),
 	       
+  " 	 	  $ 	 
 
-	       {U(i) | i ∈ C′′}∪{C} /	  
    $ {U(i) | i ∈ C′′} ∪ {C} 
	 T  " 	   	$   	   "	 
U(i) = RT (i)    i ∈ C  .  $  j ∈ U(i)   	$  i 	 j
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 i0, i1, . . . , il ∈ V #	  %  l # 
 	 P = (i0, i1, . . . , il) 
    
	
  i0  il  &
     	
  (ik, ik+1) ∈ A   k ∈ {0, 1, . . . , l−1} 	 	 
  # P = (i0, i1, . . . , il)  " (P ) 
 l $   # P = (i0, i1, . . . , il)
#  " V [P ] 	 %' 
 {i0, i1, . . . , il} (# 
 	  V [P ] %  	 %' 

 	  	  )
 
  " 
 	 
" 	 V * + i ∈ V [P ]  
 # P 	 # 
 	 P  i #	  i /∈ V [P ] 	 # 
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  i
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 - 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 U ⊆ V 
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	 P = (i0, i1, . . . , il)  0 ≤ k ≤ m ≤ l #
 " P ik:im 	  	 (ik, ik+1, . . . , im) .  # P = (i0, i1, . . . , il) 
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 "       l ≥ 1 i0 = il  i0, i1, . . . , il−1   

$ 	  #
 P1 = (i0, i1, . . . , il)  P2 = (j0, j1, . . . , jk) #	 il = j0 #  "
con(P1, P2) 	  #		 
 - " con(P1, P2) = (i0, . . . , il, j1, . . . , jk) /
con(P1, P2) 
 	   #  i0  jk
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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z(U) = z(
in(U))− z(out(U)) (U ⊆ V ),
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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   c  n  	
 
   A ∈ Rc×n  b ∈ Rc 
{x ∈ Rn | Ax = b} = ∅   	  {y ∈ Rc | Ay = 0, by 
= 0} 
= ∅.
& 	   V1, V2, . . . , Vk   	  V  	 		 V = V1 ⊕ V2 ⊕ · · · ⊕ Vk
$ 		 V  	 
	   V1, V2, . . . , Vk 
)*   v ∈ V 	 $	  (v1, v2, . . . , vk) ∈ V1×V2×· · ·×Vk  		 v = v1+v2+· · ·+vk


)*  0 = v1 + v2 + . . . + vk   (v1, v2, . . . , vk) ∈ V1 × V2 × · · · × Vk 	 v1 = 0
v2 = 0, . . . , vk = 0
+   	  	  	 
 	
    n  c1, c2, . . . , c  	
 
   Ar ∈ Rc
r×n  br ∈ Rc
r
(r ∈ 1, ) 

 
 {x ∈ Rn | Arx = br} 
= ∅ 	  r ∈ 1,  
 ran[A1 , A

2 , . . . , A

 ] = ranA





{x ∈ Rn | Arx = br} 
= ∅.
  !  	
	 		 ∩r=1{x ∈ Rn | Arx = br} = ∅   	 ,
	 $	 yr ∈ Rc
r
(r ∈ 1, )  		
[A1 , A
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⎤⎥⎥⎥⎥⎥⎦ = 0 
 b1 y1 + b2 y2 + · · ·+ b y 
= 0.
,-.
  ran[A1 , A

2 , . . . , A

 ] = ranA
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		 	   B ∈ Rn×c  I ∈ Rc×m 
dimker(B · I)− dimker I = dim(kerB ∩ ran I).
    
 !    B|ran I : ran I → Rc 	
 
rank I = dim(kerB ∩ ran I) + rank(B|ran I).
  ran(B|ran I) = ran(B · I)   rank(B|ran I) = rank(B · I)   
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G : U → Rm   	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 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	  (a, b) ∈ U 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 
G(a, b) = 0 
 (∂2G)(a, b) 	 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
 Vb  b  Rm 	 
 Va × Vb ⊆ U 

  		    g : Va → Vb 	 
 g(a) = b 
 (x, g(x)) ∈ U   x ∈ Va 

 G(x, g(x)) = 0   x ∈ Va
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    x ∈  ([0, 1]n)    i ∈ 1, n  
fi(x) ≥ 0 	 xi = 0 
fi(x) ≤ 0 	 xi = 1.
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  x∗ ∈ [0, 1]n 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    x ∈  ([0, 1]n)
   i ∈ 1, n  
Fi(x) ≥ 0 	 xi = 0 
Fi(x) ≤ 1 	 xi = 1.
  	  x∗ ∈ [0, 1]n 
  F (x∗) = x∗
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
 x ∈ [0, 1]n   $ 


F (x) = x ,	$ max(min(α, 1), 0) = α %  α ∈ [0, 1]   F̂ (x) = x 	# 

x ∈ [0, 1]n   $ 

 F̂ (x) = x -% i ∈ 1, n  $ 

 0 < xi < 1 
	 0 < F̂i(x) < 1
	'	
# F̂i(x) = Fi(x) -% i ∈ 1, n  $ 

 xi = 0 
	 F̂i(x) = 0 % Fi(x) ≤ 0




 Fi(x) = 0  '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 xi = 1 
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  	   b1, . . . , bn  	 
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
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 f : ×ni=1[0, bi] → Rn   
    
  x ∈  (×ni=1[0, bi])  
  i ∈ 1, n  	
fi(x) ≥ 0  xi = 0 
fi(x) ≤ 0  xi = bi.

 
   x∗ ∈ ×ni=1[0, bi]   f(x∗) = 0 ∈ Rn
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The assumption of the 2D Bolzano Theorem




f1 ≥ 0 f1 ≤ 0
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  n 
 	 	
 5W1 W2 / 
- #/ 
 V = {1, . . . , n}
#  |W1| = |W2| 4
  /	6	
 π : W1 → W2  -  k ∈ W1  k′ ∈ W1  	
   	 k < k′  π(k) > π(k′) 
 /- ν(π)  	
     	 π 	
ν(π) = |{(k, k′) ∈ W1 ×W1 | k < k′  π(k) > π(k′)}|.
 ## 7    
  /	6	
 π /-  (π) = (−1)ν(π)
    i, j ∈ V   σ : V \{j} → V \{i} 
  
      	 
σ : V → V 

σ(k) =
⎧⎨⎩σ(k),   k ∈ V \{j},i,   k = j.
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 			  
  	#	
 
j = 1 "- σ 		   		
 
 σ 
 	 σ(1) = i   - i − 1
***
     V \{1} 	 	
    
  1  
 σ    ν(σ) = ν(σ) + (i − 1)  	
   
(σ) = (−1)ν(σ) = (−1)ν(σ)+(i−1) = (−1)i−1(−1)ν(σ) = (−1)i+1(σ).
 
         2 ≤ j ≤ n 	 	  	    	   j − 1
 	  j       π : V \{j − 1} → V \{i} 
π(k) =
⎧⎨⎩σ(k),  k ∈ V \{j − 1, j},σ(j − 1),  k = j.
 	
   	  ν(π) = ν(σ)        π : V → V 
π(k) =
⎧⎨⎩π(k),  k ∈ V \{j − 1},i,  k = j − 1.
   	   	     π   	 	 	 π|V \{j−1,j} = σ|V \{j−1,j} π(j) = σ(j − 1) 	
π(j − 1) = σ(j) = i  
 k, k′ ∈ V  	 k < k′   	 
π(k) > π(k′)  	  
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
σ(k) > σ(k′),  k, k′ ∈ V \{j − 1, j},
σ(k) > σ(j − 1),  k ∈ {1, . . . , j − 2}, k′ = j,
σ(k) > σ(j),  k ∈ {1, . . . , j − 2}, k′ = j − 1,
σ(j − 1) > σ(k′),  k = j, k′ ∈ {j + 1, . . . , n},
σ(j) > σ(k′),  k = j − 1, k′{j + 1, . . . , n}, 	
σ(j − 1) < σ(j),  k = j − 1, k′ = j.
  
ν(π) =




(σ) = (−1)ν(σ)  = −(−1)ν(π) = −(−1)i+(j−1)(π) = (−1)i+j(σ),
 
            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  	 "#
  	   Q ⊆ V  i, j ∈ V \Q   σ : V \(Q ∪ {j}) → V \(Q ∪ {i})   	
	
   	 σ : V \Q → V \Q 
σ(k) =
⎧⎨⎩σ(k), 	 k ∈ V \(Q ∪ {j}),i, 	 k = j.









 n   
 
    Z = (zij)
n




 D(Z) = (V (Z), A(Z)) 

 V (Z) = {1, . . . , n}  A(Z) = {(i, j) ∈ V (Z)×V (Z) | zij 
=
0}   Q1, Q2 ⊆ {1, . . . , n}  |Q1| = |Q2| 

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      Z = (zij)
n




zij = 0   i ∈ {1, . . . , n}. 











 T ijD(Z)(Q ∪ {j})   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  Sij 
 
   
  V \(Q ∪ {j}) 
V \(Q ∪ {i})    


 σ  Sij  
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  σ 
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⎧⎨⎩σ(k),  k ∈ V \(Q ∪ {j}),i,  k = j.
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 pσ = 2 
qσ = 3
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 hÃ    	   i  j  (V, Ã) 
Aij,σD(Z)(Q ∪ {j}) =
{
Ã ∈ AijD(Z)(Q ∪ {j})
∣∣∣∣ fσ1 , . . . , fσpσ ⊆ Ã    	
  i  j  (V, Ã)  
  hσ
}









(σ) · (−1)qσ =
⎧⎨⎩ 0,  Ã /∈ T
ij
D(Z)(Q ∪ {j}),
(−1)i+j(−1)n−|Q|−1,  Ã ∈ T ijD(Z)(Q ∪ {j}).
"#
$ % " 




l )−1) = (−1)i+j(−1)n−|Q|−1−pσ−qσ .
"&
 (σ) · (−1)qσ = (−1)i+j(−1)n−|Q|−1−pσ  	   σ   pσ
' Ã ∈ T ijD(Z)(Q∪{j})  Ã  			          "# 	
        σ ∈ Sij  	 hσ = hÃ  pσ = 0   "&
  "#   	 Ã ∈ T ijD(Z)(Q ∪ {j})
((#
   	
 	  	
  	
	 Ã /∈ T ijD(Z)(Q ∪ {j}) 	  m 	
  
	 	  Ã  Ã /∈ T ijD(Z)(Q ∪ {j})  
 m ≥ 1 	
 	





























 	 	   	











    	















 	  	
	
	 
 #/"&&% $&&/' &' '''%0'/'.'.
/.#
 1  	
    







    	
 %#!"#%$ ' &'
 #  	
 	  2 3









     	
 %'!"#'$  &''






 	 6 2-  4
 
   




























 	  - 
, *    
	
 %!"&$# &'












    	
 ##&!"$# &''
  7 () 4 
 	 2 (-
 P 9 

 )




     	
 %!" &1$ #% &''%
 / : (-.:

 	   	 2-




- 5	 5	 5	 
	 
	 &''/ 3
 - 	 













	 	 6>,> 5?	 =,
 (	
























	    	
	




 / 1$/' : &''
%
   	 
	       			   	

 !"#$% $
    	   && '  (	 '  	) 	& 		   
*	 ' & 		  			 	  		    
$  + $$$,-	$.$$ $/
 0  	   (	 '  	) 	& 		 ' 1 )	2 &
		  			   	
 $  + $$3-42	$ $3$$3
 ! 5 6 7 2 ' '   	 (      

	
  	  " # .% . .8
 3 9 6)	 	 	   




 !	 :;	 <<6 7 72 9+ $$  		 ":#%=	  5
>)	 ' 
1 ?	  
1 	1
 , @ 6 7 	 7 5 &  5'	  & 			  
" 00"#!!%!3! $$.
 8 @ 6 & 9 A2 9 B2  (   1	 +
 4)        3!"!#!3%!03 "# $$!
 . @ 6 & 9 A2 9 B2  (   1	 ++
 		        33"0# %  8 "# $$3
 $ @ 6 & 9 A2 9 B2  (   1	
	 		  			       ,$"3#8!.%8,, $$
  @ 6 ?C D & =? C	 D &	 '  
1 B2   	
 3"#0$%0. $$8
  @ 6 A 
/) & 6 : :		 & : ' 9		7 &
:1<1  5		       , "# $!% . $ 
   ?  9 A2 6 ?	 & 7 
   	& 		 ' 1 )	2
  1	 7)2   	

 $
 0 7 	 & 9 :E/ 9F D1 ' 	 ( 2 ' && 2G
"    , "0#8%88 $
 ! 9 A2 <	    1	 0!  ' . 	 &)& 
 9	 =	 6 >)	 ' C		 A .,. 7)2   
  		 	!"









  		   	














  		   	


































 	  

















   	
		 
 	
	   
  
& //()+,01.-& )-
 11 5 	 








	    & ('+,-2-.-0)& *)
 1' 5 	 











	   & //()+,0).1)*& *)1







 	  











 1 ? 9 
 >@ > <	 	
 	




,   




























	   >		 

 	
 	     !











	    >		 

       !








  	   
    !












   
     
 	  
   !"#$%    !"!" #	









  &	   	 ,-
. (















    + 	   45,.( 0
 . '6 7	 " #8	9 "%%:









  3% 
;	* + ) ,	 ,0- 0
   6
 
 '6 '& ?





   ,-	 !"./% &%/ -  0 












%   %% 
%  !%






 %3% 3%  >




  	 	






%  	 
 #/	 
 !% "





 00 # G; 

<	 -
  +  
	 
 " 





;	*  4(5,-(( "	 00






% 	&	3% % 
%
  56  ,
  1 ,(00 ((
  ?1  
  	//	 









































	  %  
  ()*!  !
  "# $′%
	  +# ,-
.        
   ./








  	 	
 








	   	 	 	 
 	     	
	  








  	 	
 




























   
 *
  
 	  
 %&')
 $


















 	 	 ,	  




































  	  	 	 



























































    	
 -









 %&')   
 	
 
   
 +'





  	 
 






 	 	 ,	  










    %   	
		 
	 










	  	$     % 
 	$   











  % 




















 &  
 








      	     
 !"      
 #  # !!
"    	 $ %%  !&  ' (
#  	
 #$"   % 0  1    #
)! $($  ! $*!  ! " + 	 
*& $ 1 #,		( ' ( # )! $($ 
 ! $  )  1 -,		 . "
  1 -,		 .  # $ 	$ #+ $ #) 

 1 #,		( ' ( #  $ )! $($  !
# )! '	 $ /&&   $&
 +0" 
$%  $ #)
 ! & $  )! $($ 
  ++  '! !$ #"     $ #)
  
  )! $($  ! 	   & #$"  
 %% $  )! $($   $ ! #
#

&  $(  " 1  &  1 -,		 .  )!
$($   "    !!    
$&
 )$  
# !+#   $ $ %  	

 
 $   )! $($    &  
 # 
$&
 +" 2  # ! %%
$ $ 	
  "
  1 -,		 .  $( ) %% $ # ' 	 
$ #+ $ #)
 1 #,		( ' ( #
 )! $($  # )! '	 $ /&&   
 $&
 +0" 3#+' #& $ +& && -  
 4	 %$  '! % +       #,	 
	
" 5$  + /$+  %0 #$& $   " -
 "  ''  )  +  
# %"
  -  "  % # ' '&+ #$ $  
 !  $ #)
 )   $)%  	  
  
! " 4%   #,		
  '   !+ "
67
